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ABSTRACT 
LetAbeannXnnormalmatrix,andlet1~~~n.Leta,/3~Q,,,,thesetof 
increasing integer sequences of length m chosen from 1,2,. . . , n. Suppose a and /3 have 
exactly k common entries, denoted by la n /31= k, and suppose k < m - 1. Marcus 
and Filippenko obtained an upper hound for jdet A [ alp]], which depends on k and the 
moduli of the eigenvalues of A. Using a different approach, we improve their hound. 
It is also proved that if A is semidefinite hermitian matrix, then maxidet U*AU[ al/I]l, 
as U ranges over all n X n unitary matrices and a, j3 range over all sequences in Qm, n 
such that la CT /31= k, is a monotonic nondecreasing function of k, confirming a 
conjecture of Marcus and Moore. 
1. INTRODUCTION 
Let A be an n X n normal matrix over C. We consider here the moduli of 
determinants of nonprincipal submatrices of A. In order to describe our 
results we introduce the necessary terminology. 
Denote the eigenvalues of A by X,, X2,...,&,. Let 1 G m \< n - 1 be a 
positive integer, and let 
Q*,“={cu=((y(l),(y(2),..., a(m)) : a(i) is an integer for all 1 g i < m, and 
l<a(l)<-0. <a(m)<n}. 
For a, p E Q,,,. n denote, as usual, by A[ a]/31 the submatrix of A based on rows 
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a(l),..., a(m) and columns /3(l), . . . ,/3( m). Given a, J? s Qm, n and a nonnega- 
tive integer k, we say Ian B] = k if I(4), a(2),...,a(m)}n(P(l),&2),..., 
P(m)>] = k. 
R~MARI(. This definition of (a n PI for a, /? E Q,,,, n is slightly different 
than the one considered by Marcus and Moore in [3]. They say ]a n PI= k if 
there exists a rearrangement of 1,2,. . . ,m, say i,, i,, . . . , i,, such that a( ii) = 
p(ij)forj=1,2 ,..., kand{a(ij+r) ,..., a(i,)}n{j3(ij+1),...,~(i,)}=0. How- 
ever, for future reference, we point out the following obvious connection 
between the two definitions: suppose a, /3 E Qm, n and ]a n j?] = k in our 
sense.Thisimplies~(Zj)=~(ij)forj=1,2,...,k~dsome1~Z,~~~~ <Z,< 
mandl<i,<*.. < i, < m. Hence, there exists a permutation u of 1,2,. . . ,m 
such that if B = (a(a(l)), . . . , a(a(m))), then Z(ij)=p(ij) for j=1,2 ,..., k 
(note that & does not have to belong to Q,, .). Also, ]det A[ &l/3]] = vet A[ a]/?]], 
because A[&]p] is obtained from A[ alp] by permutation of rows. It is also 
clear now that there exists an n x n permutation matrix P and +, + E Q,, n 
such that I+ n #I= k in the Marcus-Moore sense and PAP’[+]$] = A[&]p]. 
In Section 2 we give an upper bound for vet A[a]/3]] in case a, p E Q,,,+. 
This upper bound depends on the mth elementary symmetric function of 
IXr],...,lh,] and on k=(an& It improves a previous bound given by 
Marcus and Filippenko in [2]. 
In Section 3 we prove a conjecture of Marcus and Moore (cf. [3]) which 
roughly states the following: if A is a semidefinite hermitian matrix, then 
maxldet U*AV[a]j3]], as U ranges over all n x n unitary matrices and a, p 
range over aU sequences in Q,,,. such that ]a n j3 ( = k, is a monotonic 
nondecreasing function of k. 
2. UPPER BOUND FOR @et A[ a]/3]] 
We want to prove an upper bound for ldet A[a]/3]] in case a, /3 E Q,,. 
and la n j3I = k. The proof depends on the following lemma. 
LEMMAS. LetUbeannxnunitarymatrix.Let~,a,pEQ,,.,andlet 
k=(anpl. Then 
ldetU[Ccla]detU[~IS]1~22-(“-k). 0) 
Proof. We may assume 0 < k < m, since the result is weIl known if 
k=m. Wemayalsoassumep=a=(1,2 ,..., m)and/3=(1,2 ,..., k,m+l,m 
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+2,..., 2m - k). Furthermore, suppose V is any m x m unitary matrix. Then 
W= (V@I,_,)U is again an n x n unitary matrix, and 
(detW[CLla]I=JdetVU[~l~]I=ldetU[Clla]), 
ldet~[~lP~~=~detV~[~lPlI=~det~[~l~l~. 
Hence we may assume that U [ p I a] is an upper triangular matrix, so 
and 
u12 
%2 
0 
%k 
U2k 
Ukk 
0 
Ul,m+l *** 
U2,m+l *** 
Uk,n+l **. 
Uk+l,m+l . ” 
%,2m-k 
U2,2m-k 
%.Zm-k 
Hence 
Since u is unitary, luiil < 1 for every 1 Q i < TX. Using this fact and the 
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Hadamard determinant inequality, we get 
Q ( izQ+l(uii()*~detu[ (k+l,...,m)l(m+1,...,2m_k)]l 
Q ( i=Q+Iluiil)( i~~+~(l”i,*+LIp+l~,~+212+ “’ +l”i,2n-k12)1’2)a 
Consider now a fixed i, k + 1~ i < m. Since C;_11uij12 = 1, we have 
l”iil 
the last inequality follows from elementary calculus. Hence 
ldetU[CLl~]detU[CLIP]I~ ,=~+~[l~iiI(l-I~ii12)1’2] ~2-(m-k)* ??
The upper bound obtained in Lemma 1 is sharp in the sense that given 
any 0 d k Q m, there exists an n X n (of course n >/ 2m - k) unitary matrix 
for which equality holds in (1). Indeed, for any 1 Q i Q n let ei denote the 
standard ith unit vector, written as a row vector. Let U be the n X n matrix 
whose first 2m - k rows are given by el,e2,...,ek, 8(ek+i- e,+i),&ek+s- 
e,+2>,...,e(e, - e2m-k),@(ek+l + e,+,)J(ek+2 +e,+2)Y...J(e, +e2m-k)r 
where 8 = l/a. For this matrix 
]detU[ (1,2 ,...,m)l(l,2,...,m)] 
xdetU[ (1,2 ,..., m)](1,2 ,..., k,m+l,..., 2m-k)]]=2-(m-k). 
In order to give the upper bound for vet A[ cwl/3]1, recall that for every 
@EQWV A, denotes the product XoojXW(2j. - * A,,,,. 
THEOREM 1. Suppose that A is an n X n normal matrix with eigenvalues 
A,, A 2 ,..., X,. supposethata,PEQ,,“and(anPI=k<m. Then 
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whem E,(l~,l,l&I,. . . , IX, I) denotes the mth elementary symmetric fan&on 
0flhll,lX21~...,IXnl. 
Proof. Let D = diag(A,, X, ,..., X,). There exists an n X n unitary matrix 
U such that A = U*DU. The proof follows immediately from Lemma 1 and 
the fact that 
detA[@] = c X,detdedetU[wlP]. 
WEQrn,” 
The upper bound obtained in Theorem 1 improves the bound obtained in [2]. 
3. DETERMINANTS OF NONPRINCIPAL SUBMATRICES OF 
HERMITIAN SEMIDEFINITE MATRICES 
Suppose now that A is an n X n hermitian semidefinite matrix. Denote by 
U, the group of all n X n unitary matrices. Consider a nonnegative integer k 
such that 0 < k Q m and 2m - k < n. Define 
pk,,(A) = mm max ]detU*AU[alP]]. 
us% ~>B~Qrn,n 
ll3.npl-k 
(2) 
This definition coincides with what Marcus and Moore denote by p,(A) in 
[3], although their definition of J(Y n 81 differs from ours; see the remark in the 
Introduction. In fact, it is clear (see also [3, Lemma 31) that one can consider 
in(2)afixeda,PEQ,,,” such that IQI n j3I = k, for example 
p,,,(A)= FG% ldetU*AU[ (1,2,...,m)1(I,2,...,k,m+l,...,2m-k)]1. 
n 
(3) 
The purpose of this section is to confirm the conjecture of Marcus and 
Moore [3] that pk._(A) is a monotone nondecreasing function of k, that is, 
P,,,(A) Q Pk+l,mW 
Note that only moduli of determinants appear, so we may assume A is 
positive semidefinite. We prove first the special case of (4) when k = 0. 
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LEMMA 2. Suppose that A is an n X n hermitian positive semi&jjnite 
matrix, and suppose that n > 2m. Th43n 
PO,,(A) Q b&o (5) 
Proof. By (3), there exists a matrix B which is unitarily similar to A and 
suchthat]detB[(1,2 ,..., m)Km+l,m+2 ,..., 2m)]]=p,,,(A).PartitionBas 
follows: 
B 11 42 Bl, 
B= i B:, B, B23 1 3 % 4% 4.3 
where Bll, B, are of order m and Ba of order n - 2m. Then flet B,,J = 
pO, ( A). There exist m X m unitary matrices V’, V, such that 
V:B,,V,=diag(~,,Cl,,...,~,), (6) 
where pr,..., ZL, are the singular values of B,,. Hence 
Let W be the n x n unitary matrix defined by W = Vr@V2@Zn_2m, and let 
C = W*BW. Partition 
Cl1 Cl2 c 
c= Cf, c, cz 
[ 1 G %i c&3 
conformably with B. Then C,, = V~B,V2 = diag&, p2,. . . ,p,), by (6). Hence 
&t C,, = po, ,( A). Since C is positive semidefinite, we must have 
Hence either cl1 >, ~6, or ~~+r,,,+~ >, cc,. Without loss of generality we may 
assume err 3 Z+ (otherwise permute the blocks of C to put C, on top left). 
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Now, 
i 
Cl1 0 
c21 I42 
detC[ (1,2 ,..., m)((l,m+2 ,..., 2m)]=det c31 o 
. . 
. . 
. . 
[cm1 0 
=clliv2Pi 2 II 
i=l 
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0 . . . 0 
0 . . . 0 
P3 *-* 0 
(j . . . p, 
Hence pl, ,(A) 2 I%, ,(A). ??
THEOREM 2. Let A be an n X n hermitian positive semidefinite matrix, 
and suppose that k is a wnnegatiue integer such that 0 < k < m and 
2m-k<n.lhen 
P,,,(A) G Pk+l,mW (4) 
Proof. It is enough to consider the case k < m - 2, for the case k = m - 1 
is known (cf. [3], [4]). As sume first A is a positive definite matrix. There exists 
a matrix B which is unitarily similar to A and for which, by (3), 
IdetB[ (1,2 ,..., m)/(1,2 ,..., k,m+l,..., 2m-k)]I=Pk,m(A). 
Let C=B[(1,2 ,..., 2m-k)1(1,2 ,..., 2m - k)], so C is a (2m - k)x(2m - k) 
principal submatrix of B and is therefore hermitian and positive definite. Let 
d=detC>O. (7) 
By the formulas for the minors of the inverse matrix (see [l, p. 21]), we have 
detC-‘[ (k+l,k+2 ,..., m)](m+l,m+2 ,..., 2m-k)] 
= detC[ (1,2 ,..., m)](1,2 ,..., k,m+l,..., .2m-k)] 
det C 
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and by the choice of B and (7) it follows that 
IdetC-‘[ (k+l,k+2 ,..., m)j(m+l,m+2 ,..., 2m-k)]l= P,,,(A) d . 
(8) 
We claim that 
po,m_k(C-l) = p,$A) . (9) 
Indeed, (8) implies P~,~__~(C-‘)>/ pk,,(A)/d. Now, let V be a (2m - k) 
~(2m - k) unitary matrix such that 
PO,m-k(C-l) 
= (detV*C-‘V[ (k+l,k+2 ,..., m)\(m+l,m+2 ,..., 2m-k)]l. 
00) 
But V*C-‘V = (V*CV)-‘; hence 
IdetV*C-‘V[ (k+l,k+2 ,..., m)J(m+l,m+2 ,..., 2m-k)]) 
=JdetV*CV[ (1,2 ,..., m)1(1,2 ,..., k,m+l,..., 2m-k)]l 
ldet V*CV) 
= JdetV*CV[ (1,2 ,..., m)1(1,2 ,..., k,m+l,..., 2m-k)][ 
d 
If we let W=V03Zn_(2m_kj, then W*BW is unitarily similar to A and 
W*BW[ (1,2 ,..., 2m-k)((1,2 ,..., 2m-k)]=V*CV; 
hence 
(detV*CV[ (1,2,...,m)((l,2,...,k,m+l,...,2m-k)]( 
= ldetW*BW[ (1,2,...,m)1(1,2,...,k,~+l,...,2~-k)]~~p~,,(A). 
(11) 
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It follows from (10) and (11) that 
po,m_~(C-l) G yyA’ , 
so (9) holds. 
Lemma 2 implies that 
There exists a (2m - k)X(2m - k) unitary matrix Q such that 
=]detQ*C-‘Q[ (k+2,k+3 ,..., m,2m-k)((m+l,m+2 ,..., 2m-k)]l. 
But Q*C-‘Q = (Q*CQ)-‘, so 
Pl,m-k(W 
=]detQ*CQ[ (1,2,...,m)((1,2 ,..., k,k+l,m+l,m+2 ,..., 2m-k-l)][ 
ldet Q*CQI 
=JdetQ*CQ[ (1,2 ,..., m)/(1,2 ,..., k,k+l,m+l,m+2 ,..., 2m-k-l)][ 
d 
An argument analogous to the one that leads to (11) shows that the matrix 
(Q~Zn_(2m_k))*B(Q~Zn_(2m_k)) is unitarily similar to A, and its submatrix 
based on rows 1,2,...,m and columns 1,2 ,..., k,k+l,m+l,m+2 ,..., 2m 
-k-l is just Q*CQ[(1,2 ,..., m)1(1,2 ,..., k,k+l,m+l,m+2 ,..., 2m-k 
- l)]. Hence 
It follows now from Lemma 2, (9), and (12) that 
Pk+l,mW > p1 
d ’ ,m_k(C-l) z &)&(c-l) = p$A) ) 
506 
whence 
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P,,,(A) f Pk+l,m@)* 
Finally, the case that A is a positive semidefinite matrix (rather than a 
positive definite matrix) follows easily from the definite case by the usual 
continuity argument, using the compactness of the unitary group U,. ??
We can now state the following theorem, confirming the conjecture of 
Marcus and Moore [3]. 
THEOREM 3. Let A be an n x n hermitiun semidefinite matrix. Suppose 
that m i.s a positive integer such that 2m < n. Then 
(1) The author would like to thank the referee for making the folIowing 
observation concerning Theorem 1 (the same notation is used here): K. Moore 
has recently (Linear Algebra Appl. 42253-260) improved the original upper 
bound for ldet A[aIP]l obtained by Marcus and Filippenko in [2] and showed 
that 
I c FL-4 if k=m-2, (det A[culp]( < 2; “‘“;“’ c 2(m-k+1) wE@m” IX,-zl if k<m-2. 
Using the idea that appears in Moore’s proof and our Lemma 1 leads to the 
fi2lowing bound for Idet A[ al/3]1: 
ldet A[ cw]fl]) Q 2-(“-k)$i ( wG$ IL-4} forany k<m. 
In.” 
This bound improves Moore’s bound as well as the bound established in 
Theorem 1. 
(2) Part of this work was done while the author was visiting Oregon State 
Uniuersity. 
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